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The detection of high-energy y-ray sources is vitally important to national security for numerous reasons,
particularly nuclear materials smuggling interdiction and threat detection. This article presents two meth-
ods of detecting and locating a concealed nuclear y-ray source by analyzing detector data of emissions
that have been modulated with a coded mask. The advantages of each method, derived from a simula-
tion study and experimental data, are discussed. Energetic y-rays readily penetrate moderate amounts of
shielding material and can be detected at distances of many meters. Coded masks are spatial configura-
tions of shielding material (e.g., small squares formed from plates of lead or tungsten) placed in front of a
detector array to modulate the radiation distribution. A coded mask system provides improved detection
through an increased signal-to-noise ratio. In a search scenario it is impossible to obtain a comparison
background run without the presence of a potential concealed source. The developed analysis methods
simultaneously estimate background and source emissions and thus provide the capability to detect and
locate a concealed high-energy radiological source in near real time. An accurate source location estimate
is critically important to expedite the investigation of a high-probability y-ray source. The experimental
examples presented use a proof-of-concept coded mask system of a 4 x 4 array of Nal detectors directed
at a y-ray source in a field-of-view roughly 4 m wide x 3 m high (approximately the size of the side panel
of a small freight truck). Test results demonstrate that the correct location of a radiologic source could be
determined in as little as 100 seconds when the source was 6 m from the detector.
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1. INTRODUCTION

Coded masks can be viewed as a suite of single-pinhole cam-
eras arranged mathematically so that the y-rays emitted from
any direction in a field of view produce an almost unique signa-
ture on an array of detectors. (See Caroli, Stephen, Di Cocco,
Natalucci, and Spizzichino 1987 and Skinner 1984 for a gen-
eral discussion of coded mask imaging techniques.) Initial
applications of coded masks were used in astronomy to im-
age celestial X-ray sources (Skinner 1988). The technology
has been used to image radioactive contamination in industrial
equipment (Woodring et al. 2003) and for nuclear arms con-
trol verification (Schaich, Clark, Sengupta, and Ziock 1996).
Zhang and Lanza (1999) used a coded mask to image y -rays
from fast neutron reactions in contraband and explosives. Al-
though imaging technologies are critically important in medical
research and practice, coded masks for y-ray imaging are not
used here, because three-dimensional imagery by other tech-
niques (e.g., computer assisted tomography) is substantially su-
perior. For example, Vassilieva and Chaney (2002) noted that
after 20 years of research, coded imaging has not been success-
fully migrated from astronomy to medicine, because medical
images behave as distributed sources (near-to-source imaging),
and coded mask imaging is optimal when applied to images that
behave as point sources. van Eijk (2002) offered a comprehen-
sive review of medical imaging technologies with no mention
of coded mask techniques. The astronomy applications image
X-rays that are readily stopped by the coded mask material
and detected with fine spatial resolution. In contrast, energetic
y-rays, the topic of this article, are more difficult to stop by a
coded mask and tend to be diffuse in detection location because
of multiple scattering in the detector.

The fundamental contribution of this article is the mathemati-
cal demonstration that a coded mask can be used to image high-
energy y-ray sources with a single data-collection run and can
provide a simultaneous estimate of background and source. We
present experimental results using a constructed mask (Fig. 1)
and a 16-detector Nal sensor array to measure y-rays with ener-
gies of approximately 1-3 mega electron volts (MeV). Sources
that emit photons in this energy range include cesium-137,
cobalt-60, potassium-40, bismuth-214, and thallium-208.

Specific national security applications for which coded
masks may be useful include detecting radiation sources tran-
siting international borders, for example, shipping containers
(mounted on trailers or rail cars) and trucks used to transport
radioactive material used for nuclear weapons components or
radiation dispersal devices. Interdicting these sources is often
a two-step process. Initially, the presence of elevated radiation
is detected through primary screening as vehicles approach a
customs or border patrol check station. The primary detectors
are nonimaging but are capable of rapid screening of moving
vehicles. Detection of high radiation triggers diversion of the
vehicle to a secondary screening location, where more detailed
examination identifies the cause of the elevated radiation.

A radiation detector with a coded mask could be used in
secondary screening, where more time is available to obtain
imaging data. A coded mask system would provide the capabil-
ity of imaging the radiation source’s location, compared with
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Figure 1. A Graphic of a Coded Mask. The pattern of opaque and
transparent squares is designed mathematically, so that any segment of
an image of y -rays will cast an almost unique shadow of radiation on
a position-sensitive detector, allowing the direction to the source to be
estimated.

conventional searches with hand-held instruments. Conceptu-
ally, a coded mask system would survey a vehicle parked for
5-15 minutes (Fig. 2). Measuring background and source si-
multaneously is important, because any radiation background
measured before the vehicle is present will be perturbed by the
vehicle and its cargo. In addition, some cargo is weakly radioac-
tive because it contains naturally occurring radioactive materi-
als, such as potassium (e.g., road salt) or thorium (e.g., clay
products). Such materials are likely to be evenly distributed in
the cargo and constitute a modified background from which a
more intense and localized radiation source would need to be
distinguished.
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As noted by Fenimore (1978) and Fenimore and Cannon
(1978), when detecting a point source, a coded mask can in-
crease the signal-to-noise ratio over that of a single-pinhole
camera. The degree to which the signal-to-noise ratio is op-
timized is dependent predominantly on the proportion of the
mask that is transparent and the basic pattern of the transparent
and opaque squares. A measure of mask effectiveness is the spa-
tial autocorrelation function (SACF). Conceptually, the SACF
is computed by laying the basic mask on top of a very large
mosaic of itself, moving the basic mask to any position different
from perfect registration and calculating the proportion of open
area seen through both masks. A perfect, yet impossible mask
would have a spike in the SACF with perfect registration and
an SACF value of 0 when the registration of two mask patterns
is different. Conceptually, a perfect mask would lay completely
unique signatures of each field-of-view segment onto a detec-
tor array. The region of the SACF when the registration of two
mask patterns is different is termed the “side lobes” of the func-
tion. If the SACF’s side lobes are constant, then the effects of
the coded mask can be effectively removed from the observed
detector signatures.

Fenimore and Cannon (1978) have developed the mathemat-
ical techniques to construct a mask with an SACF that is always
constant when the registration of two mask patterns is different
(constant side lobes). These masks are known as uniform re-
dundant arrays (URAs), and their SACF properties effectively
optimize the signal-to-noise ratio and construction of an image
from observed detector signatures. The mathematical derivation
of a URA pattern is based on abstract algebra theory, and partic-
ularly cyclic difference set theory. (See Busboom, Elders-Boll,

Figure 2. The Operational Use of a y -Ray Imaging System (coded mask and detector array) to Detect and Locate a Concealed y -Ray Source.
The stacked crates (truck cargo) either emit background or an added localized source (gray crate) of y -rays.
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and Schotten 1998 for a detailed mathematical review of URA
construction techniques.) URA patterns are applied to p x ¢ de-
tector arrays, where p and ¢ are necessarily prime numbers and
p — q =2. Gottesman and Fenimore (1989) extended the prin-
ciples of URA construction for imaging applications to square
detector arrays. The construction process for these modified
uniform redundant arrays (MURAS) is based on a p (with p
a prime number) length sequence of pseudorandom 0’s and 1°s.

For this project, engineering design considerations and fi-
nancial constraints prevented the use of a 5 x 3 URA or a
5 x 5 MURA. A 4 x 4 basic mask pattern was needed, and
the techniques proposed by Busboom et al. (1997) provided
a promising solution. Here a mask pattern is selected from a
suite of all possible patterns subject to two constraints. First,
the discrete Fourier transform of the mask pattern must not have
0-magnitude components; otherwise, division by 0 will occur in
frequency domain image reconstruction (deconvolution). Sec-
ond, the signal-to-noise ratio is optimized relative to the trans-
mission rate of the mask (the number of transparent elements
in the mask pattern). Another highly desirable property of the
mask would be a pattern that has constant side lobes in the
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SACEF. This would ensure that the reconstructed image would
be free of systematic bias introduced by the physical mask.

2. CODED MASK IMAGE RECONSTRUCTION

Figure 3 shows a pictorial description of y-ray propagation
through a coded mask onto an array of detectors. The shaded
square at the top in each of the 16 graphics represents a lo-
calized origin of y-rays (i.e., background or source location).
The y-rays pass through the coded mask (represented by the
middle array of squares) and strike a 4 x 4 detector array at
the bottom (represented by gray squares). The individual graph-
ics in Figure 3 show how y-rays from various source locations
pass through different sections of the coded mask and make it
possible to create a unique image on the detectors. The indi-
vidual pictures are piecewise representations of a simultaneous
physical process. Each segment in a field of view emits y-rays
that pass through the coded mask onto the detector array. Note
that the shaded mask sections generate an overlapping signature
of y-rays onto the detector array. This physical characteristic
of coded mask imaging is mathematically captured as a two-
dimensional convolution. For each graphic, one can envision

Figure 3. A Pictorial Description of y -Ray Propagation Through a Coded Mask Onto an Array of Detectors.
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the almost unique pattern that would be laid onto the detector
if the opaque and transparent squares were represented by the
mask array.

This convolution process can be illustrated with a calcula-
tion example. Let the photons emitted from a field of view be
represented by the 4 x 4 matrix

nip ni2 nm3 N4

S = nzy n22 n23 N24 ;
n3y n3z N33 N34
n41 N4z N43  N44

where n;; is the number of y-rays from source segment (i, ;)
incident on the mask (not on the detector). The y-rays from
the field of view are assumed to be uniformly distributed within
each of the 16 segments, and the y-rays can come from a spe-
cific source or from background.

The coded mask is mathematically represented by the matrix

011001 1
000000 O
1100110

A=|l0 1 010 10 (1
01 1001 1
000000 O
1100110

The convolution operator defines the number of photons inci-
dent on a detector as a linear combination of the random vari-
ables n;;. The statistical analysis of detector data begins with
the derivation of the multivariate probability distribution of the
detector signatures—a function of the random variables n;;.
Figure 4 is an array of detector counts that correspond to the
graphics in Figure 3 after the y-rays have propagated through
the coded mask A onto the detector. If the detector count matri-
ces in Figure 4 are summed elementwise, then the result is the
actual theoretical signature that would be laid onto the detectors

O ni ni 0 ni2 ni2 0 0
0 0 0 0 0 0 0 0
nip nip O 0 np 0 0 npp
0 ny 0 npu np 0 np O
0 0 0 0 0 0 0 0

ny nyp O 0 np 0 0 0
0 my 0 ny np 0 nyp np
0 my no 0 ny ny 0 0

n31 n31 0 0 n 0 0 n3p
0 ni3i 0 ns3i ni3p 0 nsp 0
0 n31 n3yyt O ny nyp 0 0
0 0 0 0 0 0 0 0
0 ny 0 ng ng2 0 ngp O
0 nyg nyg O ng ng 00
0 0 0 0 0 0 0 0

ng ng 00 ngp 0 0 ng
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as a result of the coded mask. For example, the theoretical con-
tribution to the (1, 1) detector would be njp +n13 +n31 +nz +
n4p + n44, and the contribution to the (1, 2) detector would be
ni1 +ni2 +n31 + n3g + ngp + n43.

It is important to note that the matrix representation of the
coded mask, A, is not a design matrix for a generalized lin-
ear model. Rather, A defines the function of the random vari-
ables n;; that give the number of photons incident on the
detector. With the addition of detector noise E, the signature D
of the y-ray flux is mathematically described with the convolu-
tion equation

D=S*A+E, 2)

where = is the convolution operator. Basic image reconstruction
is directly accomplished by neutralizing the convolution effects
of the matrix A. If we replace the zero elements of A in (1)
with g, we get the matrix

g 1 1 g g 1 1
8§ 8 8 8 8 8 8
11 g g 1 1 g
G=lg 1 ¢ 1 g 1 g}, (€)
g 1 1 g g 1 1
§ 8 8 8 8 8 8
1 1 g g 1 1 g

and with an appropriate choice for g, the introduction of G
into (2) will in fact neutralize the convolution of S with A. In

the special case of g = —1/2, we have
6ni; 6nip 6miz  6nia
| 6m1 6nyp 6mpz 6mpg |
S*xA)xG = 6ns1 6ns 6my Gms | = 6S.
6n41 O6ngr  6n43  Ongy
From (2),
D—-E)«xG=(S*xA)*xG =S, @)
nz 0 0 np3 0 0 nig nu
0 0 0 0 0 0 0 0
0 0 n3 ni3 0 ng nmg O
0 nm3 0 n3 ng 0 ny O
0 0 0 0 0 0 0 0
0 0 nxp n3 0 mg ny O
0 m3 0 no3 ng 0 ny 0
n3 0 0 o3 0 0 ny no
0 0 3 n3y 0 n3y ny O
0 n3z 0 ns33 nyg 0 n3yg O
nzz 0 0 n33 0 0 »n3y ny
0 0 0 0 0 0 0 0
ngy 0 g3 ng 0 ny O
ng3s 0 0 ng 0 0 na nu
0 0 0 0 0 0 0 0
0 0 n43 na3 0 ny nge O

Figure 4. A Suite of Detector Count Matrices Resulting From the Propagation of y -Rays Through a Coded Mask [eq. (1)] Onto an Array of
Detectors. The actual observed counts for each detector are the elementwise sum of each matrix in this suite.
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where Sg emulates the original field of view S. Several values
of g can be used, each with a different physical interpretation.
We have used a value of g = —3/5 for the analysis presented in
Section 5. Technical interpretation for this and two other values
of g is given in Section 4.2.

Equation (2) can be written as a matrix algebra formula-
tion, facilitating the derivation of the multivariate distribution
of D and Sp. The details of how to construct these matrices
are deferred to the Appendix. With the matrix S vectorized,
S = (n11,n12, ..., 143, nas), (2) can be written with the A ma-
trix formulation

D=AS+E. 5)
Here Disa 16 x 1 vector of convolved counts on each detegtor
[see (A.2)], and E is a 16 x 1 vector of detector noise. A is
the linear algebra representation of the coded mask matrix A

and is developed in the Appendix. The matrix version of the
reconstruction equation is then

G —E) = G(AS) =S, (©6)
where G is the matrix version of the deconvolution matrix G
and developed in the Appendix. Equation (5) also suggests that
image reconstruction can be accomplished directly by inverting
the matrix A. In some applications this is entirely feasible; how-
ever, as a general rule, coded mask design matrices (A) with
binary elements are often ill-conditioned (Caroli et al. 1987).
Image reconstruction and analysis is usually accomplished with
the application of G and G.

3. MASK DEVELOPMENT

We applied the techniques proposed by Busboom et al.
(1997) to develop a 4 x 4 coded mask pattern. In our appli-
cation of these techniques, we observed that with eight open
squares (transmission rate of 50%) in the basic 4 x 4 mask pat-
terns, the side lobes of the SACF were variable, with a maxi-
mum value of 6. Thus, with this mask transmission rate, some
pairs of object segments will pass through the mask and prop-
agate a near-equal signature onto the detector array. This will
erode, if not destroy, the ability to estimate the location of a
source in the field of view. With seven open squares in the basic
mask, the side lobes are variable in the operational mask with a
maximum value of 3, and with five open squares the side lobes
are variable with a maximum value of 2. However, a 4 x 4 ba-
sic mask pattern with a transmission rate of 37.5% (six open

1 L1
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squares) has constant SACF side lobes with a value of 2. We
selected a basic 4 x 4 mask with this transmission rate.

For this configuration, there are a total of 192 masks, 4 of
which are shown in Figure 5. Any of the 192 masks could be
used in operations. The mask pattern used in this article, pre-
sented in Figure 1, is a mosaic of the basic 4 x 4 mask with
one row and column removed. Removing a row and column
from the basic mask ensures that the segments in the field of
view lay almost unique signatures onto the detector array (see
Caroli et al. 1987). The transmission rate for the operational
7 x 7 mask is approximately 40% (19/49). Referring again to
Figure 4, when any two matrices are overlapped, they always
have exactly two non-0 elements, giving the value 2 for the side
lobes. This is precisely the property indicated by the SACF for
this mask pattern. Application of this mask in detecting and lo-
cating a y-ray source is discussed in Sections 4 and 5.

4. SOURCE DETECTION AND LOCATION

Our development is specific to the mask matrix A in (1) but
can be directly generalized to other masks. The n;;’s are in-
dependent Poisson random variables with expected value ;.
Here  is in seconds, and ;; has dimension y-rays/second. We
consider the scenario where only one pixel in the field of view
contains a source. This scenario is consistent with the antic-
ipated operational setting. Without loss of generality, we let
ny1 be Poisson with mean and variance At (source plus back-
ground), and let all other n;;’s be Poisson with mean and vari-
ance ut (background only).

Two approaches to source detection and location are devel-
oped. One is based on image reconstruction with deconvolu-
tion—a classical hypothesis test approach. The other is based
on image reconstruction with (4). A simulation study is summa-
rized demonstrating the performance differences between the
two methods. The noise term E in (2) is negligible for this ap-
plication; however, for some high-energy sources, the material
used for opaque segments of a coded mask is unable to stop all
y-rays (leakage). This effect and various count times are folded
into the simulation as parameters.

4.1 A Multiple-Hypothesis Test Procedure for Source
Detection and Location

. If the matrix A is nonsingular (see Sec. 2), then §1 =
A~'D is an image reconstruction through deconvolution. Fur-
ther, the elements of S are approximate independent Poisson

riv!

Figure 5. A Sample of the 192 Mosaicked 4 x 4 Masks With the Last Row and Column Deleted (operational masks). Removing a row and column
from the mosaicked mask ensures that the segments in the field of view lay almost unique signatures onto the detector array.
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random variables. With a sufficiently long count time ¢, the

transformed variables Y = \/§71 are approximately indepen-
dent Gaussian, and the dglta method can be used to demon-
strate that the variables Y all have variance 1/4. With £ =
(r —-1/15 -1/15 —1/15 —1/15), and under the
null hypothesis that the emissions in image segment (1, 1) are
less than or equal to the average emissions of all other seg-
ments, the linear combination £Y is approximately Gaussian
with mean 0 and variance ££' /4. Large values of £Y relative to
the variance ££' /4 reject the null hypothesis. Each of the 16 im-
age segments can be tested for significance above the average
of all others with this theory by cycling the 1 in £ through all
16 vector positions. Rejecting any of the 16 hypothesis tests is
both a detection and a source location.

Because 16 single tests will be calculated on the same count
run, the single-test type I error rate (o’) must be adjusted to
give the necessary overall error («) of detecting a source when
there is only background in the field of view. We apply a Bon-
ferroni adjustment to «. For example, if operations will permit
a = 10 in 5,000 unnecessary inspections at a port of entry into
a country, then the single-test error rate, ', should be about
S A2.0001.

5,000 16
4.2 An Ad Hoc Procedure for Source Detection
and Location

We also propose an ad hoc procedure constructed loosely
from statistical concepts. We present this approach because in
experimental studies it has proven quite accurate, and it is based
on established approaches to coded mask analysis designed to
avoid the calculation of A~!. There are exactly six elements
of 0, that equal (Sp + A)7 and ten elements that equal 6/47. The
position of these elements changes depending on the position
of the field-of-view pixel with the source; however, there are al-
ways six (Su+A)f and ten 6,47 elements in 0. With a sufficient
count time, the Poisson model [eq. (A.1) in the App.] becomes
Gaussian. Equation (A.3) in the Appendix describes the mean
and covariance of the modulated y-rays entering the detectors.
Equation (6) gives the reconstructed image with mean 0§0 and
covariance X So-

For large #, we can approximate the Poisson model (A.1)
with the multivariate Gaussian distribution. A value in the re-
constructed image is a point source if it is larger than a back-
ground critical value. For example, for g = —1/2, a value in the
reconstructed image Sp is a point source if it is larger than a
background critical value 6t + z,6./1f. Here z, is an appro-
priate standard Gaussian critical value. This background critical
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value is simply constructed from the theoretical mean and vari-
ance of a background random variable in Sg. The critical values
for other values of g and computational interpretation are listed
in Table 1.

As in Section 4.1, we apply a Bonferroni adjustment to «.
If operations will permit @ = 10 in 5,000 unnecessary inspec-
tions at a port of entry into a country, then the single-test error
rate o’ should be about 5})% % ~.0001, which gives a value of
o A 3.7.

In application, we need an estimate of the background para-
meter . If a source is present, then it is assumed to be in one
and only one field-of-view segment (as described in Sec. 4).
The remaining 15 pixels produce background y-rays. Propa-
gating this field of view through the mask, ten of the detec-
tors will measure only background counts and six will include
signal counts as summarized with (A.2) and (A.3). Intuitively,
this suggests that for large #, the ten smallest detector counts
from a counting experiment could be combined to form an esti-
mate of background, and the signal could be estimated using the
six largest detector counts. Denote the observed detector counts
by c¢;; and the ordered counts by c(;). To estimate u and A, we
equate the sum of the first g order statistics (Tnin = Z?zl ciy)
to g6/ut and the sum of thg largest p (Tmax = 23216_p+1 ciy)
order statistics to p(5i1 + A)t. These equations give parameter
estimates by solving for i and . Specifically, the parameter
estimate equations are

Tmin
6qt pt
These estimates of background and source can then be substi-
tuted into the appropriate pixel significance equation (Table 1)

to determine whether a reconstructed image pixel (Sec. 2) is
significantly above background.

= — 5/ @)

4.3 Simulated Performance

This section summarizes the analysis of simulated detector
data with the approaches described in Sections 4.1 and 4.2.
A field of view was simulated with the Poisson model described
in Section 4. Detector data were then generated with the er-
ror term (E) equal to 0. A leakage effect was simulated by re-
placing the zero elements in (1) with the value .4. The leakage
factor in the simulation emulates the fact that for some high-
energy sources, the modulating effect of a coded mask can be
diminished. Count times (¢) were 100, 200, and 500 seconds,
and each simulation was replicated 10,000 times. To properly
compare the power of the two approaches, the performance of

Table 1. Image Reconstruction Parameter Values and Associated Pixel Significance Critical
Values Specific to the Coded Mask Equation (1)

g Computational effect Critical value
—-1/2 Pixel intensities in the reconstructed image are 6(ut+ Zz, /1ut)

6 times the number of y-ray counts incident on

mask elements.

T(=rt+4ut+ 2z, /(L +338u)t)

—7/12  The sum of intensities in the reconstructed im-
age equals the total y-ray counts incident on
mask.

-3/5 The sum of intensities in the reconstructed im-

age is 0.

2 (—At+ b+ zg /(A +239)1)

TECHNOMETRICS, MAY 2006, VOL. 48, NO. 2



258

Table 2. A Summary of the Simulated Performance of the Multiple
Hypothesis and Ad Hoc Analysis of Coded Mask Detector Data

t Hypothesis Ad hoc
No leakage 100 .94 .94
200 .94 .95
500 .93 .96
Leakage 100 .94 ~1
200 .94 ~1
500 .94 ~1

NOTE: The field of view is background (emission rate of nt = .15t in all field-of-view seg-

ments). The table elements are the proportion of correct decisions out of 10,000. All table entries
are rounded to the nearest hundredth.

each was calibrated to be equal for background emissions, no
leakage, and # = 100. The tables that follow summarize the sim-
ulations.

The ad hoc procedure generally has slightly better false-
alarm performance than the multiple-hypothesis test proce-
dure. The two methods have similar detection performance
with no leakage. The hypothesis test is clearly superior with
leakage, and it is interesting to note that with lower source
intensities, the ad hoc procedure has better location perfor-
mance after detection. With moderate leakage, the multiple-
hypothesis test procedure should be used unless longer count
times are implemented. Coded mask design matrices (7&) with
binary elements are often ill-conditioned (see Sec. 2) and in
this situation, with increased count time ¢, the ad hoc proce-
dure provides a technically sound approach for detection and
location.

Table 3. A Summary of the Simulated Performance of the Multiple
Hypothesis and Ad Hoc Analysis of Coded Mask Detector Data

A t Hypothesis Ad hoc
19 No leakage 100 .09 (.50) 10 (.49)
200 .13 (.67) 12 (.70)

500 .30 (.89) 26 (.90)

Leakage 100 .08 (.48) ~0 (.93)

200 .12 (.68) ~0 (~1)

500 .30 (.89) .03 (~1)

.23 No leakage 100 .21 (.84) 23(.83)
200 44 (.94) 43 (.95)

500 .88 (.99) 86 (.99)

Leakage 100 .21 (.86) .01 (.98)

200 .45 (.95) .06 (~1)

500 .89 (.99) A7 (~1)

.26 No leakage 100 .46 (.95) 49 (.95)
200 .81 (.99) 80 (.99)

500 ~1(~1) ~1(~1)

Leakage 100 .46 (.95) .09 (~1)

200 .81 (.99) .34 (~1)

500 ~1(~1) .94 (~1)

.30 No leakage 100 .72 (.98) .73 (.98)
200 97 (~1) .96 (~1)

500 ~1 (~1) ~1(~1)

Leakage 100 .71 (.98) 26 (~1)

200 .96 (~1) 71 (~1)

500 ~1(~1) ~1 (~1)

NOTE: The field of view has a source in the (1, 4) position [emission rate of ut = .15t in

15 field-of-view segments and At = .19t, .23t, .26t, .30t in the (1,4) segment]. The table
elements are the proportion of correct decisions out of 10,000, with the proportion of correct
source position estimates reported in parentheses. All table entries are rounded to the nearest
hundredth.
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5. EXPERIMENTAL EXAMPLES

The detector contains a 4 x 4 array of 16 Nal detectors, each
of which is 7.6 x 7.6 x 10.2 cm. The square sides of the de-
tector permit a high density of Nal by positioning multiple de-
tectors side by side, and the size of each detector is suitable
for stopping energetic (1-3 MeV) y-rays. The detectors are
partially shielded from background radiation by placing them
inside a 6.3-cm-thick copper box with only one open side. Sig-
nals from the detectors are processed separately, resulting in
16 y-ray spectra. The coded mask is constructed of tungsten
squares (7.6 x 7.6 x 1.27 cm) arranged in the pattern specified
in Figure 1 and the matrix A in (1). Tungsten that is 1.27 cm
thick will not fully attenuate 1-3 MeV y-rays; emissions are
reduced by a factor of 30—40% rather than the theoretical value
of 01in (1). Photographs of the operational proof-of-concept sys-
tem, Nal detector array and coded mask are given in Figure 6.

The distance from the detectors to the coded mask can be
adjusted in accordance with the size of the target image area.
To image a large area, the mask is located close to the detectors,
and to image a smaller area with increased resolution, the mask
can be moved away from the detectors. For this application, the
data were collected with the coded mask close to the detector
(44 cm), giving a field of view of about 3.5 x 3.5 m at a distance
of 6 m from the detector. The coded mask was tested by placing
sources at various positions in front of the detector and within
its field of view. The distance between the source and detector
was 6 m. At this distance, with the coded mask only 44 cm
from the detector, near-field effects of imaging are insignificant
(Zhang 1998). If the source is too near the detector, then the
shadow of the coded mask increases in size before it reaches
the detector simply from geometric effects. In our formulation
we assume a far-field application setting.

For the ad hoc procedure (Sec. 4.2), a value of g = —3/5
(see Table 1) was used. The E term in (2) is practically negli-
gible. Tables 4-6 give the raw counts in the 16 detectors, the
multiple hypothesis test z-scores, and the ad hoc z-scores using
order statistics estimates of p and A with ¢ =10 and p = 6. For
fixed source location, maximum likelihood estimates (MLEs)
of the parameters © and A are developed in the Appendix; these
are also presented in Tables 4-6. Experiments of 1,000- and
100-second count times are reported. Table 4 is an analysis of
a background-only field of view and serves to illustrate the het-
erogeneous nature of a typical background. The true position of
the source is given in Tables 5 and 6. Any z-score above 3.7 is
considered significant. For example, in Table 6 the source was
at the (3, 1) position against a wall 6 m in front of the detec-
tor, and the ad hoc z-score of 5.14 clearly identifies the (3, 1)
position of the source.

In our experience with other experiments, a high-energy
y-ray source at a distance of about 6 m can be accurately lo-
cated in as little as 100 seconds with the ad hoc procedure, even
when source plus background is only 45% greater than back-
ground (A = 1.45p). When the source is not clearly located in
one of the distinct 16 segments of the field of view (e.g., it strad-
dles a boundary between segments), longer acquisition times
are required. This can be viewed as determining the position
of two separated, weaker sources, which takes longer. Tests in
which the source was shielded by lead of thickness up to 5 cm
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n |

Figure 6. The Operational Proof-of-Concept Coded Mask System. The 4 x 4 array of Nal detectors, with system electronics and operator interface
are housed in the dolly case. Tungsten blocks are attached to a plastic sheet to form the coded mask that is mounted on a frame and positioned in
front of the detector array (between the detector array and the field of view).

Table 4. Count Data From the Individual Detectors and z-Scores for the Multiple Hypothesis and Ad Hoc Procedures
for a 1,000-Second Count Time

158 178 170 174 -83 .13 119 138 -60 .34 150 1.70
156 160 147 137 -.83 —-.61 —-248 -3.04 -60 -39 -202 -244
162 147 151 168 151 217 124 110 186 264 154 1.39
147 138 137 135 101 -8 -23 -.83 128 —-66 —-.03 —.60

(a) Raw detector counts (b) z-scores for the multiple hypothesis procedure  (c) z-scores for the ad hoc procedure

NOTE: The field of view is of a typical background.

Table 5. Count Data From the Individual Detectors and z-Scores for the Multiple Hypothesis and Ad Hoc Procedures
for a 1,000-Second Count Time

198 318 312 217 -1.25 -89 -69 1131 -90 -57 —-.38 17.49
166 178 201 185 -5.49 -3.06 —-11.54 -.59 -396 -241 -741 -.29
180 135 265 218 214 1.04 .16 1.66 268 1.41 47 2.12
265 170 244 146 1.54 1.66 3.04 .96 198 212 382 132

(a) Raw detector counts (b) z-scores for the multiple hypothesis procedure  (c) z-scores for the ad hoc procedure

NOTE: The true source position is (1,4). The ad hoc estimates for the (1, 4) position are i = .0296 and . =.122, and the MLEs are v =.033 and h=.122.

TECHNOMETRICS, MAY 2006, VOL. 48, NO. 2



260

DALE N. ANDERSON ET AL.

Table 6. Count Data From the Individual Detectors and z-Scores for the Multiple Hypothesis and Ad Hoc Procedures
for a 100 Second Count Time

25 30 29 18 162 110 -.80 .76 212 1.39 -62 .96
15 24 16 26 -163 —-190 .39 -.31 -120 —-135 .53 -.19
26 33 22 18 340 —-46 -.01 -.01 514 —-34 .096 .096
16 17 24 20 208 208 158 458 -62 -62 -91 .82

(a) Raw detector counts

(b) z-scores for the multiple hypothesis procedure

(c) z-scores for the ad hoc procedure

NOTE:

demonstrated that the correct source location could be deter-
mined at even lower signal/background levels when counting
times were extended to 3,600 seconds. Additional experiments
with the coded mask demonstrated that spectral y-ray analysis
was able to simultaneously locate two separated and isotopi-
cally different sources.

6. SUMMARY

Our investigation into coded masks has shown that it is pos-
sible to design and construct a near—real time detection sys-
tem that can determine the location of a radiologic point source
emitting y -rays. Although uniformly redundant arrays are con-
ventional for many coded mask applications and provide opti-
mal performance, they impose design restrictions. Near-optimal
performance can be obtained using a combinatorial design for
the coded mask that allows the use of square arrays of detectors.

We have demonstrated that the mathematical statistics of
coded mask imaging provides estimates of background and
source from a single data-acquisition run and, if present, the
location of a point source. The ability to locate a point source
without independently measuring the background offers a crit-
ically significant improvement in the capability to detect and
locate radiologic threats. This analysis capability can reduce
false-positive indications and expedite investigation of high-
probability source locations.

Experimental tests confirmed that a coded mask using a4 x 4
array of Nal detectors was able to measure y-rays and de-
termine the correct source location. When a source was 6 m
from the detector, the correct source location was effectively
obtained in as little as 100 seconds. At that distance, the counts
from the source were only about 45% of background. The coded
mask system succeeded in identifying the correct source loca-
tion, because the source was localized in comparison to the dif-
fuse background coming mainly from the ground.

ACKNOWLEDGMENTS

The authors acknowledge the support of the National Nuclear
Security Administration, Office of Nonproliferation Research
and Engineering for funding this work. The Pacific North-
west National Laboratory is operated by Battelle for the United
States Department of Energy under contract DE-AC06-76RLO
1830. The authors thank the editors and referees for valuable
technical suggestions that completed the article and added clar-
ity and rigor.

TECHNOMETRICS, MAY 2006, VOL. 48, NO. 2

The true source position is (3, 1). The ad hoc estimates for the (3, 1) position are jz = .032 and i = .123, and the MLEs are 2 =.003 and i=.012.

APPENDIX: MATRIX REPRESENTATION OF
CONVOLUTION AND MAXIMUM
LIKELIHOOD ESTIMATION

The detector has dimensions 4 x 4. The basic mosaicked
mask has dimensions 8 x 8 and the operational mask is 7 x 7.
Denote the operational mask as A = {a;}, a; € {0, 1}, i,j =

1,...,7. Form a new matrix, composed of submatrices Wj;,
Wi Wi Wiz Wy
Wor W Wiy Wy
Wi W3 Wiz Wiy |°
Wi Wa Wy Wy

where W; = {ay}, l=i,...,i+4—-1,k=j,...,j+4—1.The
submatrices W;; indicate the elements of the source image that
contribute to the i, j detector as the source is modulated through
the coded mask. The matrix form of A is then

vec(Wi1p)
5 vec(W12)
A= _

3

vec(Waq)

where vec(W;;) = (row 1 of Wj;, row 2 of Wy;, row 3 of W;,
row 4 of W;). The deconvolution matrix G is constructed in the
same manner. Note that this formulation is easily generalized to
larger and different mask patterns. With E negligible, we have

S dist Poisson with
At a0 0 0 (A1)
ut 0t 0 0
05 = N Zg = .
ut o 0 ... 0 ut

Here 0§ is the mean vector for the elements of S and X is the
covariance matrix. Fundamental multivariate calculations (see,
e.g., Press 1982) give

ni2 +ni3 +n31 +n3 +n4p + nag
nip +ni2 +n31 +n3g +ngqp +n43

D= : —AS (A2)
n12 +n1a + N2y 4 nog + na3 + N4y
ny| +ny3 + na3 + noq + n4p + n43
with
05 =A0; and Tp=AX:A (A3)

For fixed source location, the probability model that describes
the propagation of the field of view through the mask is de-
fined by (A.1), (A.2), and (A.3). Varying the source parameter
At across all field-of-view segments (i, j) defines 16 probability



DETECTION OF GAMMA-RAY SOURCES 261

models (likelihoods) for observed D. The background-only
model is defined by placing the parameter pf in all of the field-
of-view segments. All of these likelihoods are defined by (A.1),
(A.2), and (A.3). For fixed ¢, the maximum likelihood esti-
mates, [ and X for the 16 source-present models and [t alone
for the background-only model, are the values that maximize
each of these likelihood functions. For a single source in the
field of view, the marginal asymptotic distribution of the max-
imum likelihood estimates of p and A is derived by Lehmann
(1983). From direct application of this theory, we have

N 2.2
(%‘:)-‘J)MVN ()‘>’ 14212 02
1 w 0 i

15(1+pu1)

(A4)

[Received June 2002. Revised March 2005. ]
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